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Introduction

Example: Small-scale educational assessments
or pilot studies where sample sizes are limited.

Standard IRT model estimates can be biased due
to small sample sizes. We explore an empirical bias
adjustment method to mitigate bias issues.
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The 2PL IRT model

• Let Ysi ∈ {0, 1} be the binary response of a subject s ∈ {1, . . . , n} to a
set of test items index by i = 1, . . . , p.

• Assume independent Bernoulli responses with probability of success

πsi = P(Ysi = 1)

• The so-called two parameter logistic model (2PL) is

log
πsi(z, θ)

1 − πsi(z, θ)
= ηsi :=

ai(zs−bi)︷ ︸︸ ︷
αi + βizs,

where the probability of success is modelled as a function of
◦ individual latent traits z = (z1, . . . , zn)⊤, and
◦ model parameters θ, including

• item “easiness” parameters αi (location)
• item discrimination parameters βi (scale)
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Estimation via MML

• Maximum marginal likelihood (MML) estimation [c.f. joint maximum
likelihood (JML)] requires an additional assumption: zi

iid∼ N(0, 1).

• Then the MML involves maximisation of the likelihood

L(θ) =
n∏

s=1

∫ p∏
i=1

πsi(z, θ)ysi
(
1 − πsi(z, θ)

)1−ysiϕ(zs) dzs

where ϕ(θs) is the standard normal density function.
• This intractable integral is usually overcome using quadrature rules.
• Some remarks:

◦ It can be shown that bias is of O(n−1), so in finite samples the bias is
typically non-zero (Lord, 1986), though generally less biased than JML.

◦ Parameters are consistent only when model is correctly specified (Bock &
Aitkin, 1981).

◦ MML is more robust to sample size variations and provides more stable item
parameter estimates (Engelen, 1987).
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Sources of (parameter) bias

• Small sample sizes
• Departure from normality, e.g. [can be treated using robust ML]

◦ skewed latent traits (Wall et al., 2012); or
◦ zero-inflated distributions (Wall et al., 2015).

• Model misspecification
◦ Incorrect functional form (e.g. 2PL instead of 3PL)
◦ Dimensionality (assuming unidimensional model for multidimensional data),

model incorrectly assumes all items measure a single common trait when
there are multiple underlying abilities

• Differences in response styles. E.g. careless respondents (Hong & Cheng,
2019) or tendency to use extreme categories

• Etc.
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Bias correction

θ̂ − θ̃ = BG(θ0) := EG (θ̂ − θ0)

estimator
improved
estimator bias

function

possibly
intractable unknown

true value

Requirements

Method Model BG(θ0) Type E(·) ∂· θ̂

1 Asymptotic bias correction full analytical explicit 3 3 3
2 Adjusted score functions full analytical implicit 3 3 7
3 Bootstrap partial simulation explicit 7 7 3
4 Jackknife partial simulation explicit 7 7 3
5 Indirect inference full simulation implicit 7 7 3
6 Explicit RBM partial analytical explicit 7 3 3
7 Implicit RBM partial analytical implicit 7 3 7

1–Efron (1975), Cordeiro and McCullagh (1991); 2–Firth (1993), Kosmidis and Firth
(2009); 3–Efron and Tibshirani (1994), Hall and Martin (1988); 4–Quenouille (1956),
Efron (1982); 5–Gourieroux et al. (1993), MacKinnon and Smith Jr (1998)
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Empirical bias reducing adjustments

• Kosmidis and Lunardon (2024) introduces a novel general framework for
reducing the bias in M-estimation, which is derived from asymptotically
unbiased estimating functions.

• Briefly, θ̂ is an M-estimator if θ̂ = argminθ
∑n

s=1 ρs(θ), or results from
the solution (van der Vaart, 1998) of

n∑
s=1

ψs(θ) = 0.

[E.g. maximum likelihood: ψs(θ) = ∇ log Ls(θ).]
• For M-estimators, it is possible to write down the bias function as

EG(θ̂ − θ0) = b(θ0) + O(n−3/2),

where b(θ0) may be approximated empirically by a function of
derivatives of ψs(θ).

• Then, a reduced-bias estimator is simply θ̂ − b(θ̂).
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Implicit reduced bias M-estimators (iRBM)
• The estimator θ̃(iRBM) is obtained from

θ̃(iRBM) = argmax
θ

{
log L(θ)− 1

2 tr
[
j(θ)−1e(θ)

]}
, where

◦ j(θ) = −
∑n

s=1 ∇2 log Ls(θ) is the observed information matrix,
◦ e(θ) =

∑n
s=1 ∇ log Ls(θ)∇ log Ls(θ)⊤ is the cross-products of the scores.

• The iRBM estimator is consistent and asymptotically normal, i.e.
√

n(θ̃(iRBM) − θ0)
D−→ N

(
0, j(θ0)

−1e(θ0)j(θ0)
−⊤).

and has smaller bias than the M-estimator θ̂.
• Components of the estimated θ may “blow up” under certain data

configurations (e.g. perfect separation). To mitigate this, a shrinkage
factor can be applied to obtain a penalised iRBM estimator from

θ̃(iRBMp) = argmax
θ

{
log L(θ)− 1

2 tr
[
j(θ)−1e(θ)

]
− 1

n∥θ∥
2
}
.
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Explicit reduced bias M-estimators (eRBM)

• Another estimator with the same bias properties as the iRBM is the
eRBM, which is obtained via

θ̃(eRBM) = θ̂ + j(θ̂)−1A(θ̂),

where
A(θ̂) = −1

2∇ tr
{

j(θ)−1e(θ)
} ∣∣∣∣

θ=θ̂

.

• Operationally the eRBM is simpler, though requiring accurate
computation of the bias term to be effective (usually involving numerical
routines).

• One downside: No saving infinite estimates.
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Simulation setup

1. n ∈ {10, 25, 50, 100, 250, 500, 1000}
2. p ∈ {5, 10, 15}
3. Departure from normality:

◦ z ∼ N(0, 1)
◦ z ∼ t5
◦ z ∼ Beta(2, 5) (centred and scaled) 0
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Simulation results
Effects of sample size and no. of items
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Simulation results
Effects of sample size and departure from normality
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Conclusions

• Small sample size and departure from normality can lead to bias in the
parameter estimates of IRT models.

• The iRBM and eRBM estimators are effective in reducing bias for the
2PL IRT model in small sample sizes when the normality assumption is
correct.

• Way forward:
◦ Comparison to other bias reduction methods (e.g. bootstrap, jackknife, etc.).
◦ Investigate the performance of the iRBM and eRBM estimators in more

complex IRT models (3PL and multidimensional IRT models).
◦ Refine simulations to include more complex departures from normality.
◦ Software?
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End

Thank you!
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